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AlternativeEdige Rescarch Note

Measuring market impact and liquidity

Poor execution can turn a good idea into a losing trade. Skilled traders (and their brokers) use their
knowledge and experience to balance the immediacy of a transaction with the liquidity available in
the market. This note reports on the work we have done to estimate the market impact of one-off
trades in electronically traded futures markets.

We have invested heavily in gathering a continuous time market depth data base that allows us
to observe the limit order book in nearly continuous time and to track the flow of actual trades. In
the case of the limit order book, we are tracking the best five bids and best five offers. This data set
is exceptionally valuable for studying market liquidity and the impact of trades of various sizes. For
example, it allows us to calculate a sweep to fill measure of market impact - the effect on the price
of instantaneously trading as far into the book as necessary to fill an order of a given size. That is, the
cost of sweeping the book to fill an order.

Exhibit 1 shows what the resulting sweep to fill market impact profiles looked like for the E-mini
S&P500 futures market during the first quarter of 2006. Information like this can be very useful to a
trader. For one thing, the trader can identify the most liquid times of the trading day. For another,
thetradercandetermine Exhibit 1
Sweep to fill cost
(E-minis S&Ps, 1/3/06 to 3/31/06)

theeffect of speeding up
orslowing down ontotal

transactions costs and 08
make informed choices
) 07
between tracking error
and the costs of trad- o os N’"AV'\, y
)
ing. < \
3 05
In fact, these data % “
3
sets allow us to delve £ o4 A W“wa'“-‘“vwr‘w‘
much more deeply into  E \'\"\
) o 03 - . N
the question of market & W’W\r’
v
impact and liquidity 2 o2 Yot
and to formulate mea- Order Size
f k t . t 0.1 500 2000 4000
sures of market impac 1000 3000 5000
that take advantage 0 . . _ _ _ _
of knowledge about : 2 2 2 2 2 2 2 2 2 2 2 & =z
o o o o o o o o o o o o o o
. @ =) 52} Q [52) (=) %3] (=] D8l =] ®m Q m <
predictable patterns & & & S & = = & & Z < & & A&

of trading volume and 5-Minute Time Interval (Chicago Time)

price volatility, the risk
aversion of market makers, and hidden liquidity.

The reader is advised that futures and options are speculative products and the risk of loss can be substantial. Futures spreads are not necessarily less risky
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Outline

The purpose of this note is to show the steps we have taken in using these data sets to produce use-
able market impact profiles for use in designing cost efficient trading programs. In the process, we

+  Describe the data set we have assembled

«  Show some of the things that can be learned from the limit order book

«  Define sweep to fill market impact

«  Describe the risks faced by a market maker

«  Show how a simple risk aversion model can capture the shape of the limit order book
«  Estimate the effects of hidden liquidity

«  Show our model estimates for four key futures markets

«  Show how we can allow for significant economic announcements

We also provide a technical appendix that shows the derivation of the risk averse market maker
model that we use to describe the limit order book.

A very fat data set

To do this kind of work, we have assembled a very rich dataset for electronically traded futures that
comprises price and sizes for all trades as well as the best five bids and best five asks. In assembling
these data, we have recorded every instance of a change in the limit order book as well as every trade.
This way, we can produce a snapshot of what the limit order book looked like at any instant. We can
track additions to and withdrawals from the book, and we can infer from the status of the book the
moment before each trade whether the trade occurred at the bid or the ask. From the trades them-
selves, we can learn about patterns of trading volume, both frequency and size, and of price volatility.
Appendix A provides a list of the markets for which we are gathering these data.

These data lend themselves to insights into liquidity in several ways. For one thing, at the simplest
level, they can tell you how much it would cost to fill an order of any given size immediately. Exhibit
2, for example, shows what the E-mini S&P500 book looked like at 8:40:00am on February 21st, 2006.
It is worth noting that there would have been several limit order books published during the single
second from 8:40:00 to 8:40:01, and that this was the first of those books.

Sweep to fill

In this case, the best bid was 1292.50 with 361 contracts and the best ask was 1292.75 with 717
contracts. Thus, you could immediately sell 361 contracts at a price of 1292.50, or you could imme-
diately buy 717 contracts at the price of 1292.75. If you wanted to sell more than 361 contracts or
buy more than 717 contracts, and to do either immediately, you would have to sell at the next best
bid of 1292.25 or to buy at the next best ask of 1293.00. Since there were 509 contracts at the sec-
ond best bid, you could sell as many as 870 without going deeper into the book, and if you were to
sell 361 at the best bid and 509 at the next best bid, your average trade price would be 1292.35 [ =
(361/870)x1292.50 + (509/870)x1202.25 1. If you were to buy 2,089 contracts immediately, your av-
erage price would be 1292.91 [ = (717/2,089)x1292.75 + (1,372/2,089)x1293.00 ].

AlternativeEdge
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Exhibit 2 A practice like this is

Limit order book for E-mini S&P500 futures known as sweeping the

2/21/2006 (8:40:00am
( ) book, and the resulting
Bid Ask .
Price I I average price one real-
ave'ragie tota contracts contracts tota avgra%e izes is known as a “sweep
price price o '
1293.75 1,361 5,973 120329 o fill" price. The imme-
diate market impact of
1293.50 1,089 4,612 1293.16 .
sweeping the book can
1293.25 1,434 3,523 1293.05 .
be calculated by taking
1293.00 1,372 2,089 129291 .
the difference between
1292.75 717 717 1292.75 ) .
the sweep tofill priceand
1292.50 1292.50 361 361 some measure of the mid-
1292.25 1292.35 870 509 market price. The market
129200  1292.15 2,105 1,235 impact profiles shown
1291.50 1291.92 3,578 892 ple, provide an example
* Average sweep to fill price of how this measure of

market impact looked

for trades of various sizes
in E-mini S&P500 futures for the first quarter of 2006 on those days when there were no scheduled
economic announcements of particularimportance. For this illustration, the measure of mid-market
we have used is true market price, which we will explain in the next section.

Profiles like these are useful guides to finding market liquidity. Notice, for example, that the mar-
ket impact of a trade is higher right at the market open of 8:30am (Chicago time) than it would be
even a few minutes into the trading day. You can see that market impact tends to rise as the trading
day progresses and tends to be highest right around noon, when trading is slowest. It is also appar-
ent that the market is most liquid (impact is smallest) as the market reaches the cash close time of
3:00pm and remains relatively liquid until the futures close at 3:15pm.

True market price

In the academic literature, one finds the very sensible notion that there is a true market price that
lies between the best bid and the best ask. Evidence gleaned from the limit order book tends to bear
this out, and those who trade or execute trades for a living will recognize the idea immediately.

Consider again the order book in Exhibit 2. There are 717 contracts offered as the best ask price
of 1292.75, but only 361 contracts at the best bid price of 1292.50. From this information, traders
and their brokers are likely to observe that the market is more heavily offered than bid and that the
next trade is more likely to take place at the bid than at the offer.

To lend concreteness to this idea, we define order imbalance as In(Bid size/Ask size). If the num-
bers of contracts at the bid and ask are equal, the ratio would be one, and this measure of order
imbalance would be 0. This measure of order imbalance will be negative if the number of contracts
bid is less than the number offered, and will be positive if the number of contracts bid is more than
the number offered. Moreover, it will be symmetrical, so that if the number of contracts bid is twice
the number offered, the measure would be In(2) = 0.693. If the number of contracts bid is half the
number offered, the measure would be In(0.5) =-0.693.

Newedge AlternativeEdge
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Exhibit 3 Now consider Exhibit 3, which
Time to Next Trade Versus Order Imbalance

10 shows the relationship between or-
(E-mini S&P Futures, 2/4/06 to 2/23/06)

der imbalance and the time to next

+ trade for E-mini S&Ps. When order
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15 when the number of contracts at the
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g 30 time tonexttrade tendsto be high.In
§ 25 i . contrast, when the order imbalance
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éx‘ 2 . . between trades tends to be small.
'é 15 : : R - This seems reasonable enough if a
= 0 : balanced order book means that the
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0 bt 2 MR IR the bid price and the ask price.
> “ 3 2 ! 0 ! 2 3 4 > Also consider Exhibit 4, which
Order Imbalance [In (Bid size/Ask size)] shows the relationship between
Exhibit 4 the next trade price and order im-
Next Trade Price Versus Order Imbalance balance. On the vertical axis is the
(E-mini S&P Futures, 2/4/06 to 2/23/06) difference between the next trade
03 price and mid-market (halfway be-

tween the best bid and ask). Most
of the dots in this exhibit occur at a
difference of +0.125 or-0.125, which
0 @ 0w =t in E-mini S&Ps represents half a tick.

0.2

0.1

These cases represent instances of
the price trading either at the ask or

atthe bid whenthe market was 1 tick

wide.There are afew cases where the
-0.1

price change was a full tick (either
+0.25 or -0.25) or zero. These out-
-02 comes correspond to times when

sone o wmmecs I owr W00 ¢ o0 sese o
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the market was 2 ticks wide.

03 . . " T " " " " What we find in this exhibitis that
5 -4 -3 -2 -1 0 1 2 3 4 5

Order Imbalance [In (Bid size/Ask size)] trades are more “kely to take place
atthe askwhenthe orderimbalance
is positive and more likely to take place at the bid when the order imbalance is negative. Again, just

what experienced traders or brokers would expect.
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Average Price Change

Price

Exhibit 5

Average Price Change Versus Bid/Ask Imbalance

(E-mini S&P Futures, 2/4/06 to 2/24/06)

A slightly different representa-
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Exhibit 7

A representative market maker

For the purposes of bringing some order to the data, we will treat the great pool of traders whose
business it is to provide liquidity as a single, representative, risk averse market maker. This fairly sim-
ple approach is surprisingly effective in explaining the shape of the limit order book.

The market maker’s risk

Market Maker’s Time Line To illustrate the market

P+2c L .
maker’srisk, we use asimple

P+G 2-period example that al-
lows us to consider both the
speed with which the mar-
ket maker’s inventory can

P be worked off and the price
risk that comes with hold-
ing the inventory. For this
example, we assume that
the market maker is asked

P-2G to take on an order size of 2

contracts, that the volume
| > of trading in the market will

t=0
inventory = Qo(2)

Newedge

t=1 t=2 allow the market maker to

inventory =Q(1) inventory =Q,(0) get rid of 1 contract perpe-
riod, and that during each

period the price can either rise or fall by an amount equal to G. The initial price is P,.

In this setting, as shown in Exhibit 7, the market maker’s initial inventory at t, is 2 contracts. At t;,
he can get rid of one contract at P;. He now has a remaining inventory of 1 contract, which he holds
for one more period. Then, at t,, he gets rid of this contract at P,. Given this sequence of events, we
can write the market maker’s P/L as

P/L=Q,dP+0Q,dP

If the price changes are uncorrelated from one period to the next, the variance of this P/L can be

written as
V(P/L)=Q.dP’ + Q] dP’

and the standard deviation as

SD(P/L)=+/Q2dP* + Q}dP?

Using a price change of plus or minus G, the market maker’s total risk in our example would be

Totalrisk =+/2°c* +1°6°

which can be divided by the initial order size to find risk per contract.

AlternativeEdge
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The market maker’s risk aversion
To explain the shape of the limit order book, we can assume that the market maker is risk averse.
Further, as we will show, we can do a good job of explaining the shape of actual limit order books
by assuming that the market maker requires an amount ot for each unit of risk taken on.

With this assumption, and using a continuous time expression for the market maker’s risk, we can
express the market maker’s required compensation for taking on an order size of Q as

TotalComp (Q) = 9o 0

A/3cv
where 0L is the market maker’s required compensation per unit of risk, O is the standard deviation of
arithmetic changes in the price, v is the rate of volume traded in the market, c is the fraction of that

volume available to the market maker, and Q s the total order size. Average market maker compen-
sation per contract would simply be

AverageComp(Q) =a. 0'"?

o

ev

The intuition behind this expression is fairly straightforward. For one thing, an increase in risk
aversion translates directly into an increase in the spread. For another, increases in price risk trans-
late directly into an increase in what the market maker requires to take on a position. And third,
while time does not seem to enter directly, it does indirectly. A quadrupling of the order size, for ex-
ample, would quadruple the amount of time the market maker requires to unwind the position at
whatever speed the flow of trading in the market allows. The effect on the spread, however, is pro-
portional to the square root of the order size. Thus, a quadrupling of the order size only doubles the
size of the spread. Trading volume, the square root of which appears in the denominator, works in
the same way as order size but in the opposite direction. A quadrupling of useable trading volume
in the market would cut the spread in half.

As a practical matter, compensation per contract in this exercise would be one half the bid/ask
spread for orders of any given size since the market maker has to be willing to either buy or sell.

AlternativeEdge
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Exhibit 8

Sweep to Fill Costs Versus Order Size
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Exhibit 9

Calibrating the Model to Sweep to Fill Costs at 12:40pm
EMINISP, 12:40pm Alpha=1.85
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10000

Fitting the curve to the
data

The usefulness of this way of
thinking about market making
is illustrated in Exhibits 8 and 9,
which show actual and fitted val-
ues of sweep to fill impact values
for two different times of day in
E-mini S&P500 trading. Exhibit 8
corresponds to 8:40am, when the
marketis very active. Exhibit 9 cor-
responds to 12:40pm, when the
market is comparatively quiet.

Using specific times of day for
curve fitting is a way of control-
ling for trading volume and price
volatility. As we will see, volume
and volatility profiles exhibit a lot
of regularity, so that 8:40 in the
morning on one trading day will
look a lot like 8:40 in the morning
on another trading day.

When fitting the curves, we
sought values of alpha that mini-
mized the sum of squared errors
intotal trading cost.The difference
between observed and fitted mar-
ket impact is worth more when
you are trading 5,000 contracts
than when you are trading 500
contracts. So it makes sense to
find estimates of the risk aversion
parameter that do the best job of
explaining total market impact
rather than market impact per
contract.

AlternativeEdge
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Hidden liquidity

What you see with a limit order book is not necessarily what you get. First, it shows phantom liquid-
ity — bids and offers to which traders are not really committed and that are withdrawn either for no
apparent reason or because the market begins to move in their direction. Whether these are avail-
able for sweep to fill orders is to some extent a matter of timing and fast action. Also, the limit order
book does not reveal hidden liquidity — all of those potential bids and offers controlled by traders
who don’t want to show their hands.

Of the two, it seems that hidden liquidity is the more important consideration when analyzing
market impact. As have others, we find that the apparent impact of trades tends to be smaller than
sweep to fill measures of market impact would suggest.

Seconds per half tick

To get a handle on hidden liquidity, we conducted the following exercise. First, we defined spans
of time that could reasonably be considered instantaneous for the purposes of measuring the flow
of traffic through a market. While it certainly stretches the concept of instantaneous, it does make
sense to define a span of time over which one might reasonably expect the market not to tick up or
down. This kind of span depends on two things - tick size and price volatility.

For our purposes, we define this as the interval of time for which a one standard deviation price
move is equal to half of a tick in each market. If price changes are normally distributed, this means
that roughly 68 percent of the price changes over the interval would be within plus or minus one
half of a tick.

Using realized price volatility for the six months leading up to April 11th, 2006 we translated an-
nualized price volatility to volatility per second based on the number of trading seconds in a day
(using normal open and close times) and assuming 252 trading days per year. Given volatility per
second, one standard deviation over t seconds would be

o =G,tl/2

t s

Setting this equal to one half a tick and solving for t, we get

2
1 rck

4 o

S

The resulting calculations for our four markets are shown in Exhibit 10.

Exhibit 10
How fast is instantaneous?

Seconds
Market per half
tick
E-mini S&Ps 6
10-year Treasury notes 21
EuroStoxx 10
EuroBunds 10

AlternativeEdge
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Estimates of hidden liquidity

Our first step was to determine how many contracts actually traded during intervals of these lengths

(5 seconds in the case of E-mini S&Ps) during the first quarter of 2006. In practice, we started at the

beginning of each trading minute during regular trading hours. For each snapshot, we classified all

trades that took place at a price above the true market price at the beginning of the interval as“buys”

4

and all trades that took place at a price below the true market price as “sells.” This was an imperfect

distinction, but plausible. Suppose, for example, that the true market price is 1380 at 8:40am and

that we observe the following E-mini S&P trades take place during the next 5 seconds.

Exhibit 11
Vwap Market Impacts
(E-mini S&Ps, 1/3/06 to 3/31/06)
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1000-2000
Order Size

2000-3000

3000-5000

Quantity Price

20 1380.50
9 1379.50
17 1379.75
6 1380.25
25 1379.75

We would treat the first and fourth
tradesof 20and 6 contracts respective-
ly as“buys”and the second, third, and
fifthtradesor9,17,and 25 as”“sellsThe
total number bought would be 26 and
the total number sold would be 51.

We would then calculate volume
weighted average prices — vwaps
— for the “buys” and for the “sells” In
thisexample, the average buy vwap is
1380.44[=(20x1380.50+6x 1380.25
)/ 26 1, while the average sell vwap is
1379.71[=(9x1379.50+17x1379.75
+25x1379.75)/511.

Given the true market price of
100, the vwap impact of buying 26
contracts would be 0.44 [ = 1380.44
- 1380.00 ], while the vwap impact of
selling 51 contracts would be 0.29 [ =
Absolute value (1379.71 -1380) 1.

Theresulting distributions of these
vwapimpact estimates for E-mini S&Ps
are shown in Exhibit 11.For the sake of
simplicity, we have grouped the trades
by lot sizes with the 0 to 500 bucket
containing the smallest trades and
3,000 to 5,000 containing the largest
trades. The dot in each figure repre-
sents the average value of the impact.
The box represents 80 percent of the
observations, from 10 percent to 90

AlternativeEdge
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Exhibit 13 percent. The top and bottom of each “whisker” rep-
Hidden liquidity summary for E-mini S&Ps resents the maximum and minimum values of each
(1/3/06 - 3/31/06) o
distribution.
) Average impact .
Order size - - The second step was to determine what the
Sweep to fill Vwap Difference L
sweep-to-fill impacts would have been for trades
0-500 0.129 0.117 0.011 .
whose sizes were equal to the total buys and total
500-1000 0.189 0.145 0.044 . .
sellsin eachinterval.In the above example, we would
1000-2000 0.243 0.202 0.042 have calculated the sweep to fill impact of buying
2000-3000 0332 0.295 0.038 26 contracts given the limit order book observed at
3000-5000 0.428 0.411 0.017

exactly 8:40:00. Similarly, we would have calculated
the sweep to fill impact of selling 51 contracts giv-
en the same limit order book. The distributions of these sweep to fill impacts for various order size
buckets are shown in Exhibit 12.

Comparing the two distributions, we find that actual trade prices reveal more liquidity thanis ap-
parentinthelimit order book. As shown in Exhibit 13, the effect of hidden liquidity was worth slightly
more than a cent for small orders and just under 2 cents for fairly large trade sizes. For intermediate
sized trades, though, the presence of hidden liquidity was worth considerably more. For trades be-
tween 500 and 1,000 contracts, hidden liquidity was worth 4.4 cents, while for trades between 2,000
and 3,000 contracts, hidden liquidity was worth about 3.8 cents per contract.

Calibrating for hidden liquidity

The next to last step in this process required us to fit the market maker’s required compensation
curve to the two sets of data described here. To do this, we used sweep to fill and vwap impact val-
ues irrespective of the time of day for which they were calibrated. As a result, the estimates of the
risk aversion parameter are of no direct use, but we use the relative values of the estimated alphas
to recalibrate the curves fit for specific times of day.

Risk aversion parameter (alpha) estimates

Exhibit 14 provides a summary of our estimates of alpha for four highly active and liquid futures mar-
kets — two equity markets and two 10-year note markets. In all four cases, we chose four times of day
for fitting the curve to sweep to fillimpact data - a time shortly after each market’s open, two times
in the middle of each market’s trading day, and one time shortly before the close of each market.
The average unadjusted alphas for the two US markets were around 1.8, while the average unad-
justed European markets were slightly more than 2.0. The hidden liquidity adjustment was greatest
for 10-year Treasury note futures and smallest for EuroStoxx futures.

Exhibit 14
Risk aversion parameter (alpha) estimates
(non-event days, January through March 2006)

Hidden

Market Estimation Times Axfga(_;e Liquidity Adju;;ead Al-
Adjustment

E-mini S&Ps 8:40am 10:40am 12:40pm 2:50pm 1.85 0.87 1.61

10-year Treasury notes 7:50am 9:50am 11:50am 1:50pm 1.79 0.72 1.29

EuroStoxx 2:10am 5:10am 8:40am 10:20am 2.13 0.93 1.98

EuroBunds 1:10am 4:10am 7:50am 11:50am 2.04 0.85 1.73

Newedge AlternativeEdge
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Volume, volatility, and market impact profiles

We have now reached the point where we can pull all of the pieces together to produce reliable
market impact profiles. Our model of market impact requires three pieces of information - trading
volume, price volatility, and an estimate of market makers’risk aversion. An example of how it all fits
together is provided in Exhibits 15 through 18.

Exhibit 15 shows two volume profiles for E-mini S&P futures — one for a typical trading day for
which there are no scheduled economic announcements of any particular importance. The other
is for a trading day on which an FOMC announcement is scheduled. As is apparent, the presence of

Exhibit 15 the FOMC announcement predictably

Trading Volume for E-mini S&P Futures changes the shape of the trading day

(Thousands of contracts per interval, 3/23/05 to 3/23/06) .
and the amount of trading done at any

50 given time during the day.
45 Exhibit 16 shows two price volatility
— Non-Event Day A . . .
40  eonc profiles for E-mini S&P futures. Again,
35 I\ one is for a typical trading day, while
2 \ g the other is for an FOMC announce-
\/\ ment day.
25
\/\/\/\ l \ Using these profiles, we can calculate
20 —v
/\ ] marketimpact profilesfororders of vari-
15 Aca A ya\ / . .
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Exhibit 17
Market Impact for E-mini S&P Futures on a Typical Day
(Projected spread to “true” price)
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5-Minute Time Interval (Chicago Time)

impact estimates are lowest at the cash
close —another feature of the observed
sweep tofill profiles. Also, the theoretical
impact profiles, which have been reck-
oned using estimates of alpha adjusted
for hidden liquidity, are slightly lower
than the sweep to fill profiles.

Where do we go from here?

At this point, we have enough confi-
dence in this approach to measuring
market impact that we will extend the
analysisto coverall electronically traded
markets that are active enough to pro-
vide us with enough data. Also, we plan
to extend the analysis to cover sequen-
tialtrades so that we can say something
useful about very large trades.

Our marketimpact estimates will be
useful in at least three trading applica-
tions. These include optimal trading
strategies — that is, those that are de-
signed to minimize market impact or
produce the best tradeoff between mar-
ketimpact and tracking error. A second
is the design of tactical execution rules
for working orders. Our insights into li-
quidity and the possibility of using the
limit order book to determine the like-
lihood of being filled at the bid or the
offer will be a natural fit for such tools.
Athird isin the analysis of benchmarks,
tracking error, and execution costs.
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Appendix A: Market Data Sets

Contract Outrights Spreads
Equities Emini SP 12/14/05 12/14/05
Emini Nasdaq 12/14/05 12/14/05
Emini Russell 12/14/05 12/14/05
Canada S&P60 5/4/06
DAX 7/5/05 11/16/05
Eurostoxx 50 7/12/05 11/16/05
CAC40 1/10/06 3/23/06
AEX 2/16/06
FTSE100 7/28/05 4/25/06
IBEX35 5/5/06
Mini Dow 3/28/06 12/14/05
SP1200 5/4/06
TOPIX Index 8/30/05
Nikkei 225 5/3/06
Hang Seng
MSCl-Taiwan
MSCI-SG
Bonds US 30 year 12/14/05 3/29/06
US 10 year 12/14/05 12/14/05
US 5 year 12/14/05 3/29/06
US 2 year 12/14/05 3/29/06
Canada 10 year 5/4/06
Bund 7/12/05 9/20/05
Bobl 7/28/05
Schatz 7/28/05
Liffe Gilt 7/27/05 4/25/06
Australian 10 year 5/4/06
CONF 5/5/06 11/16/05
JGB 10 year 8/30/05
Money Market Eurodollar 12/14/05 12/14/05
Liffe Euribor 7/28/05
Fed Funds 5/5/06
3 Month Canadian BAs
Euroyen
Short Sterling
Currencies British Pound 12/14/05
Euro 12/14/05
Japanese Yen 12/14/05
Energy Brent Crude (ICE) 4/3/06
Gas Oil (ICE) 4/3/06
WTCL (ICE) 4/14/06
Newedge AlternativeEdge
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Appendix B: Derivation of the Market Depth Model

Consider an order of size Q arrives at the market maker at time a. We assume the market maker can
liquidate the position at the mid price in proportion to the average volume over time. Specifically,
the market maker will liquidate the entire position by time T, where T solves the equation:

c}dV(t) =0

where dV/(t) is the instantaneous rate of market volume traded at time t, and c is a constant of pro-
portionality representing the relative speed at which the market maker can liquidate inventory: ¢
= 1 implies the market maker liquidates at the average rate of trading in the market. Following this
notation, let Q(t) be the quantity remaining to be liquidated at time t:

O(t) =0(a)- cj‘dV(s) =cfdV(s)=c [V(1)-V()]

Let p(t) represent the mid price at time t. Suppose the mid price evolves according to an arithmetic
Brownian motion:

p(t) = p(a)+ [o(s)dZ(s)

where G(s) denotes the instantaneous price volatility at time s. Then the gain (or loss) experienced
by the market maker in liquidating according to the above schedule is:

I(T) = 'f[P(f) - pla)Jav (1)
- cj‘(j‘a(s)dZ (s) ]dV(t)
=}( cj‘dV(t)) o(s)dZ(s)

= f Q(s)o(s)dZ(s).
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The variance of the market maker’s profit is therefore:

Var[H(T)]= var

J‘Q(s)a(s)dZ (s)]
- frarfo(s)o()iz(s)]
- }Qz ()0 (s)var[dZ(s) ]

- }QQ () (s)ds.

Suppose the market maker demands a constant price of risk, O.. Then the spread to mid that the
market maker will charge for quantity Q is:

spread = a fvar[IL(T) ][0 =« [0 (s)0% (s)ds [0
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